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A graph His imbedded in a graph G if a subset of the vertices of G determines 
a subgraph isomorphic to H. I f  X(G) is the least eigenvalue of G and Q(H) = 
lim sup,,, {X(G)1 H imbedded in G; G regular and connected; diam(G) > d; 
deg(G) > d}, then h(H) - 2 < KR(H) Q X(H) with these bounds being the best 
possible. Given a graph H, there exist arbitrarily large families of isospectral 
graphs such that H can be imbedded in each member of the family. 
1. INTRODUCTION 
The eigenvalues of a graph are the eigenvalues of its 0 - 1 adjacency 
matrix. We say that a graph H can be imbedded in a graph G if G has a set 
of vertices such that these vertices and all induced edges form a subgraph 
of G isomorphic to H. Thus the adjacency matrix of H is a principal 
submatrix of the adjacency matrix of G; if h(H) and h(G) are the (alge- 
braicly) least eigenvalues of H and G, then h(G) < h(H). 
A path of length n, P, , is a sequence of vertices u,, , u1 ,..., U, such that 
ui and U, are adjacent if and only if 1 i - j 1 = 1. A connected graph has 
diamater D if D is the smallest integer such that every pair of vertices may 
be joined by a path of length no greater than D. 
It has been of recent interest to look at the various classes of graphs for 
which H can be imbedded in each member of the class and to see how 
closely X(H) can be approached by the least eigenvalues of the members 
of that class. Letting d(G) denote the minimum degree of a vertex of G, 
Alan Hoffman [6] has shown that if 
pR(H) = lim+$up {h(G)1 His imbedded in G; d < d(G)}, 
then 
PRW) 3 Wf) - 1. 
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The graphs constructed to prove this inequality are disconnected if H is 
disconnected and are often of small diamter. But it has been the class 
of regular and connected graphs that has yielded much of the information 
concerning the relationships between the familiar graph-theoretic proper- 
ties and the spectral properties of a graph. In particular, those are precisely 
the graphs that have a polynomial and are many of the types of graphs 
that have been characterized by their spectra. For greater detail of this 
area of study, the reader is refered to [I] and [4]. 
One purpose of this communication is to indicate a relationship between 
a graph H and the various regular connected graphs in which H can be 
imbedded. Letting diam(G) denote the diameter of G, we define K~(H) = 
lim,,, sup{h(H) 1 His imbedded in G; G is regular; diam(G) > d; d(G) > d}. 
With such a severe restriction on the class of graphs, the inequality 
K~(H) < pR(H) is not at all surprising; but the difference between pR(H) 
and K~(H) is in fact not very large as the following theorem shows: 
THEOREM 1. Let H be a (not necessarily connected) graph. Then 
h(H) - 2 < K~(H) < h(H). Further, these bounds are the best possible. 
A second question that has been of recent interest has been that of the 
size of families of graphs in which all members of the family have the same 
spectrum. A. Mowshowitz [7] has noted that such families may be 
arbitrarily large. We shall show that this property is true even if we make 
much greater restrictions on the graphs under consideration. 
THEOREM 2. Let H be a (not necessarily connected) graph and let m 
and n be arbitrary positive integers. Then there exist graphs G, ,..., G, such 
that 
6) G ,..., G, are mutually nonisomorphic, 
(ii) G, ,..., G, are all regular and connected, 
(iii) G, ,..., G, all have the same spectrum and hence the same 
characteristic polynomial and same graph polynomial (cf. [4]), 
(iv) H can be imbedded in Gi , i = l,..., n, 
and 
(v) d(G,) = d(G,) = ... = d(G,) > m and diam(Gi,) = diam(G,) = 
. . . = diam(G,) > m. 
The number of regular connected graphs that have been constructed 
which are not characterized by their spectral has been relatively small. 
Theorem 2 indicates that perhaps there are many more such graphs than 
has been previously suspected. 
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2. PROOFS OF THE THEOREMS 
We now need to define the Cartesian product of two graphs G, and Gz . 
The vertices of the product G, x G, are all ordered pairs (vl , us), where vi 
is a vertex of Gi, i = 1 or 2, and two vertices in G, x G, are adjacent 
if they are identical in one coordinate and a pair of adjacent vertices in the 
other coordinate. The eigenvalues of G, x G, consist of all possible sums 
h, + A, , where Xi is an eigenvalue of Gi . Further, if G1 and G, are regular 
with respective degrees dI and d, and diameters D, and D, , then G, x G, 
is regular of degree dI + d2 and has diameter D, + Dz . We now look at 
two examples to show that the bounds in Theorem 1 are the best possible. 
Given a graph G, the line graph of G, L(G), has as its vertices the edges 
of G with two vertices in L(G) adjacent if as edges of G they have one 
common endpoint. For any graph G, A(L(G)) > -2 with equality being 
attained if one component of G contains an even cycle or two odd cycles 
12, 51. 
EXAMPLE 1. Let H be a cycle of length 2n. Then X(H) = -2. Let 
R=Hx ... x H where r factors of H appear, and let G = L(H). 
Then G is regular of degree 4r - 2 and has a diameter of nr. We further 
note that His imbedded in G since the line graph of a cycle is just of the 
same length. Finally, since h(G) = -2 and since r can be made arbitrarily 
large, K&Y) = -2 = X(H). 
EXAMPLE 2. Let H be a graph which consists of n isolated vertices. 
Then X(H) = 0. Now if G is a graph with diameter at least d, then a path 
of length d is imbedded in G and hence h(G) < A(P,) = -2 cos(r/(d + 2)). 
Hence K~(H) < -2. But since H can be imbedded in any graph of diameter 
2n or greater, we may use the graphs constructed in Example 1 to imbed 
Hinto a regular connected graph whose least eigenvalue is -2 and conclude 
that K~(H) = -2 = X(H) - 2. 
Now, generalizing a construction of R. M. Karp in [6], we shall construct 
a graph that will complete the proof of Theorem 1. Given the graph H, 
let dl ,..., d, be the respective degrees of the vertices v1 ,..., v, , let d be a 
fixed integer, di < d, i = l,..., s, and let L = l.c.m.(d - di + 1 ( i = l,..., s}. 
Let m be an arbitrary integer and let us further assume that v1 and v, are 
joined in H (by Example 1 this can be done with no loss of generality). 
Then we define V(G) = ((v,j) 1 v E V(H);j = 0, l,..., 2mL - l}. Two 
distinct vertices (v, , j,) and (vt , j,) are adjacent in G if one of the following 
conditions is fulfilled: 
(1) j, = j, and v, and vt are adjacent in H, 
(2) vr = vt and Md - 4 + 111 = [.h/(d - 4 + l)l, 
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(3) j,=2k+I,j,=2k,andt-r=l,wherek=O,l,..., mL---1 
jr = 2k, j, = 2k - 1, v, = v1 , and vt = v, , where k = 1, 2 ,..., mL - 1, 
or (v7, j,) = (vl , 0) and (vt , j,) = (v, ,2mL - 1). 
Notice that the edges determined by conditions (I), (2), and (3) are 
mutually exclusive. Hence A(G) = A, + A, + A,, where Ai is the 
adjacency matrix of the graph whose edges are determined by the ith 
condition. Since A, corresponds to a disjoint union of copies of H, 
X(A,) = X(H). Since both A, and A, correspond to a union of cliques, 
A(&,) = A(&) = -1. Hence by the well known Courant-Weyl inequal- 
ities [3], X(&G)) 3 A@,) + A(&) + X(4,) = h(H) - 2. 
By condition (l), H is imbedded in G. G is clearly regular with degree 
equal to d + 1. Now consider the following sequence of vertices in G: 
(~1, 01, (us, 2L - l), (~1, 2L), (us, 4L - 1) ,..., h,2kL), (us, 2(k + W - l),..., 
(v, ,2mL - 1). The shortest path joining (vl, 2kL) and (v, ,2(k + l)L - 1) 
must have at least two edges in it. Further, the only edge joining vertices 
with j = 2kL - 1 to those with j = 2kL is the edge joining (v, ,2kL - 1) 
and (vl ,2kL). Hence this sequence of edges produces a cycle of length 
at least 3m. Hence the diameter of G is at least [3m/2]. Thus if m is large 
enough, we may say that d < diam(G) for any given d. 
To conclude Theorem 1, we would like to show that G is connected. If 
the edges determined by conditions (2) and (3) yielded a connected graph, 
then the proof would be completed. But this is not the case. If we consider 
a tree where (4 , d, , d3 , da , d5) = (1, 1, 1, 2, 3) and we let d = 4, it is 
easy to verify that if 1 < m, then the edges determined by conditions (2) 
and (3) do not form a connected graph. If, however, v1 and v5 are connected 
in H, then condition (1) will insure that the graph is connected. In fact it 
is clear that the adjacency of v1 and v, will insure the connectedness of G 
in general. Hence we have shown that X(H) - 2 < KR(li), and we have 
completed the proof of Theorem 1. 
To prove Theorem 2, we once again return to the concept of the 
Cartesian graph product. Given the graph H, we imbed it in a regular 
connected graph G, . We can use Theorem 1 to do this in such a way as 
to produce minimal changes in the eigenvalues if we wish. We then let G, 
and G, be two regular connected nonisomorphic graphs with the same 
spectrum (the smallest known example is when G, is the line graph of 
a (4, 3,2) symmetric design and G, is the exceptional graph in [6a]). Then 
for i = 1, 2,..., n we define Gi = G1 x G, x ... x G, x G, x ... x G, 
where we take i factors of G, and n - i factors of G, . Each Gi is then 
regular and connected with the same spectrum, and if we let n be large 
enough, we can make the diameter and degree as large as we like. Finally, 
Sabidussi [8] has shown that for finite graphs, the formation of Cartesian 
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graph products has a prime decomposition that is unique up to the order 
of the factors. It then follows that the Gi are mutually nonisomorphic 
(actually we could have counted the number of pairs of triangles that 
share a common edge to show the nonisomorphism). Hence we have shown 
the validity of Theorem 2. 
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